Hua Loo Keng's Problem Involving Primes 

of a Special Type 



Sergey A. Gritsenko and Natalya N. Motkina 



Abstract 

Let rjhe a quadratic irrationality. The variant of Hua Loo Keng's problem 
involving primes such that a < {rjp^} < b, where a and b are arbitrary real 
numbers of the interval (0, 1), solved in this paper. 



1. Introduction Suppose that k > 2 and n > 1 are positive 
integers. Consider the equation 

Pi+P2 + ---+Pl = N (1) 

in primes pi, P2, ■ ■ ■ ,Pk- 

Several classical problems in number theory can be reduced to the 
question on the number of solutions of the equation ([T]). For example, 
if n = 1 and /c = 2 or 3 then ([T]) is the equation of Goldbach; if n > 3 
then ([T]) is the equation of Waring-Goldbach. 

Let P be a subset of the set of primes, /i = lim 7r"^(A^) ^ 1 be 

peV 

the "density" of "P, < /i < 1. 

Let Jk,n{N) be the number of solutions of in primes of the set 
P, and Ik^n{N) be the number of solutions of ([T]) in arbitrary primes. 

Sometimes the equality 

JkAN) - f^'hAN) (2) 

holds. 

For example, if V = {p \ a < {^/p} < b}, < a < b < 1 then 
provided n = 1, A; = 3, and also provided n > 3, A; ^ n^logn the 
equality (Ej) holds (s. 

In present paper we solve the additive problem for which the pro- 
perty (Ej) does not hold. 
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Let ?7 be a quadratic irrationality, 0<a<6< I, V = {p \ a < 
{rjp'^} <b},n = 1. Then /i = b - a {s. [2]). 

The main result of the present paper is the following theorem which 
shows that the equality 

J5,2(iV)'-(6-a)5/5,2(iV) (3) 

does not hold. 
Note that (s. [31) 



log'iV 

provided = 5( mod 24). 
Theorem 1. Suppose 

sin^ 7rm(6 — a) 



a{N,a,b)= J2 



^2mm{7jN-2.5{a+b)) 

|m|<oo 

Then the following formula holds 



J5,2{N) = h,2{N)a{N, a, b) + 0(iV3/2-o,oooo2)_ 
Outline of proof. Define the function 

; / N _ r 1? ^/ a < X < b, 

~^0, if 0<x<a or b<x<l 

and extend it by periodicity to the entire numerical axis. So that 

J2 V^o(r//)e2^^^P' I e-'^'^''dx. 
o<Vn ) 

We record Vinogradov's lemma (see [1], Section III, Chapter 2, Lemma 
2). In the notation of the lemma, let r = [InA^^], A = N^^'^^ . Denote 
by -i/^i a function from the lemma with a = a+A/2, f] = 6 — A/2 and 
by ip2 with a = a — A/2, (] = 6 + A/2. Then we have the inequality 

^i(A^) < J5,2m < J2{N), (4) 




where 



Next we derive an asymptotic formulas for Ji{N) and J2{N). The 
main terms of these formulas coincide. Use the Fourier series for ipkix) 

|m|<rA-i 

thus 

JkW = ^ Cfc(mi) E Cfc(m2)- 

|mi|<rA-i |m2|<rA-i 

• ^ Ckims) E Cfc(m4) E Cfc(m5)- 

|m3|<rA-i |m4|<rA-i |m5|<rA-i 

• / S{x+mir])S{x + m2r])S{x + m^r])S{x + m^r])S{x + m5r])e~'^'^'^^^dx 
Jo 

+0(Ar^/^-^^^lnAr), 

where 

S{x) = e'"^"^^'. 
p<Vn 

Note that 

E c|(m) / S\x + mr])e-^'''''^dx = 

|m|<rA-i "^^ 

= /5,2(iV)KiV,a,6) + 0(A)). (5) 

Consider the sets such that (777-1,777-2,777,3,771-4,777-5) 7^ {m^m^m^m^m) 
and the integrals 

/(AT, mi, m2, 7713, m^) = 

= / |5(x + 777-i77)||5(x + 777-2^)||'S'(x + 777377)||S'(x + 777-477)||S'(x + 777-577)|(ix. 

Jo 
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Without loss of generality it can be assumed that m\ < m2. By t 
denote x + mir/. Since the integrand has a period 1, we can take t to 
lie in the range E = [—\/t] 1 — 1/r), where r = Tyi-O'OOi. Suppose 
d^q E Zi are such that 

^ = - + — , {d,q) = l, l<g<r, |^i|<l. 
q qr 

Divide the interval E into two intervals Ei and E2 for which q < A^*^'^^^ 
and A^O'^^^ < q < t respectively. On writing m'2 = m2 — mi, . . ., 
777.5 ~ ^5 ~ 1^1^ we can express the above integral as 

rl-l/r 

/ \Sit) \\Sit + m'^T]) \\Sit + m'^T]) \\S{t + m'^r]) \\S{t + m'^r])\dt = 

J-I/t 

= / F{t)dt+ / F{t)dt, 

where 

F{t) = \S{t) \\S{t + m',rj) \\S{t + m'.rj) \\S{t + m'.rj) \\S{t + m'.rj) \ . 
It is well known that if t E E2 then 

\S{t)\ « iV0'5-0,00002_ 

Consider \S{t + m2r])\ when t E Ei. Since 77 is the quadratic irrationa- 
lity then we have 

t + rn'2V = y + y2. {X.Y) = l, \e2\<N'^'''lnN (6) 

and 

^^-0,01015 < y < ^ivO-00i_ (7) 

Then from (El) and ([71) it follows in the standard way the estimate 

|5(^ + m'2r/)|«iVO'5-0'0«o«l 

Using the inequality between arithmetical and geometric means, we 
finally obtain 

I{N, mi, m2, ms, m4, mg) <C iv3/2-o,oooo2_ ^g^^ 



Now the theorem follows directly from formulas 

Remark. If V = {p \ a < {ijp} < b} then the equality (EI) holds. 
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